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THE TOPOLOGICAL COMPLEXITY OF A SURFACE 


ALDO-HILARIO CRUZ-COTA 


Abstract. Let p be a branched covering of a Riemann surface to the Riemann 
sphere , with branching set R C P^. We define the complexity of p as infinity, 
if P^ \ S does not admit a hyperbolic structure, or the product of its degree 
and the hyperbolic area of \ B, otherwise. The topological complexity of a 
surface S is defined as the infimum of the set of all complexities of branched 
coverings M —>■ P^, where M is a Riemann surface homeomorphic to S. We 
prove that if S' is a connected, closed, orientable surface of genus g, then its 
topological complexity, Ctop(S), is given by: 


Ctop(S) = 


2ni2g + 1 ) 
67r 


ifS> 1, 
if S = 0. 


1. Introduction 

Given a surface S', in this article we study all the possible ways in which a 
Riemann surface homeomorphic to S can be realized as the branched covering 
of the Riemann sphere P^. To that end, we use a generalization of the complexity 
function for branched coverings introduced in [3], which is defined as follows. Given 
a branched covering of the Riemann sphere P^, let X denote the complement of 
the branching set in P^. Since A is a domain of the Riemann sphere, it naturally 
has the structure of a Riemann surface. If X admits a hyperbolic structure, we 
define the complexity of the branched covering as the product of its degree and the 
hyperbolic area of X. If X does not admit a hyperbolic structure, we define the 
complexity of the branched covering to be infinity. 

For a (connected, closed, orientable) Riemann surface M, we define its complexity 
as the infimum of the set of all the complexities of branched coverings M ^ 

We extend the dehnition of complexity to topological surfaces as follows. If S is 
a (connected, closed, orientable) surface, we define its topological complexity as 
the infimum of the set of all the complexities of the Riemann surfaces that are 
homeomorphic to S. 

In [3], the authors found a formula for the complexity of a Riemann surface, but 
that formula is in terms of an integer that is hard to find in practice, mainly because 
of its close connection to the Hurwitz problem for the sphere. This problem is very 
difficult: it has been open for more than a century and is still open today in its full 
generality (see the next paragraph). The raison d’etre for this article was to find 
explicit formulas for the topological complexity of a surface that did not involve 
using the general Hurwitz problem. One of the main ingredients in the proofs of 
these formulas was adapting a variety of partial solutions to the Hurwitz problem 
to our context. 
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The Hurwitz problem for the sphere essentially asks when a collection of parti¬ 
tions of a positive integer can be realized as the combinatorial data of a branched 
covering of the sphere (see Section [5] for precise statements). This problem was first 
studied by Hurwitz in , although in the more general case in which the sphere is 
replaced by an arbitrary surface. Since then, many people have studied the Hurwitz 
problem, such as the authors of 0, i, [TO], [6], [T], [E], [13] and m- In particular, 
we now know that the problem has been solved for almost all surfaces. The only 
instances of the problem that remain open reduce to the Hurwitz problem for the 
sphere (see Section 2 of m)- 

We now state the main results of this article. 

Main Theorem 1. Let S be a connected, closed, orientable surface of genus g. 
Let Ctop(S) denote the topological complexity of S. Then 


r 27r(25-fl) ifg>l, 

tfg = 0. 

Following [3] , we will say that a branched covering p: M —>• of degree d is 
simple if the cardinality of p~^{y) is at least d — 1 for all y € P^. We define 
the simple topological complexity of a (connected, closed, orientable) surface S as 
the infimum of the complexities of all simple branched coverings M —> P^ with 
M homeomorphic to S. Our second main result gives us explicit formulas for the 
simple topological complexity of a surface. 

Main Theorem 2. Let S be a connected, closed, orientable surface of genus g. 
Let Caimp{S) denote the simple topological complexity of S. Then 


CsimpiS) — 


Stto 

127r 


*/5 > 1 , 

ifg = 0. 


Our proofs of the two main theorems are constructive; they exhibit the combi¬ 
natorial data of branched coverings of minimal complexity (among those coverings 
whose domains have a fixed topological type). 


Notation 1.1. In this paper we will only consider Riemann surfaces that are 
connected, closed and orientable. Such surface will be denoted by M, except in 
the case of the Riemann sphere, which we denote by P^. A topological surface will 
be denoted by S'; the topological 2-sphere will be denoted by We use x(M) to 
denote the Euler characteristic of the surface M. The infimum of a subset A of the 
extended real line [—oo, oo] will be denoted by inf (A). The complex plane is denoted 
by C. A sequence of positive integers in square brackets represents the elements of 
a partition. For example, [1,1,1] denotes the trivial partition 3 = 1 -I- 1 -|- 1. The 
cardinality of a set B will be denoted by |i?|. 


2. Preliminaries 

Most of the material in this section is contained in [3]. We include it here for 
the reader’s convenience. 

Definition 2.1. A Riemann surface is a complex manifold of complex dimension 
one. 

We now define the maps between Riemann surfaces that we will study in this 
article. 
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Definition 2.2. A branched covering is a non-constant holomorphic map between 
connected Riemann surfaces. 

A branched covering is locally modeled by power functions. 

Proposition 2.3. (^) Let p: M ^ N be a branched covering between connected 
Riemann surfaces. Then for each x € M there is a unigue integer k = > 1 such 

that we can find charts around x in M (with x corresponding to 0 € C) and p(x) 
in N (with p{x) corresponding to 0 € CJ in which the map p is represented by the 
map z ^ . 

The integer > 1 is called the ramification index oi x € M. A point in M with 
ramification index greater than 1 is called a ramification point. The ramification 
set is the set of all ramification points. This set is a discrete subset of M; it is a 
finite set when M is compact. The branching set is the image of the ramification 
set under the branched covering. A point in the branching set is called a branch 
point. 

Given a branched covering p: M —>■ N, we can find an integer d > 1 such 
that every point in N has exactly d pre-images in M (if we count them with the 
multiplicities given by their ramification indices). 

Lemma 2.4. (]4]^ Let p: M ^ N be a branched covering between connected, 
compact Riemann surfaces. Then there exists a positive integer d such that 

kx = d 

a;ep-i(y) 

for every y € N. The integer d is called the degree of the branched covering. 

For the rest of this article, we will only study branched coverings of the Riemann 
sphere . The following notation will be used frequently. 

Definition 2.5. A {d,n)-branched covering is a branched covering p: M ^ that 
satisfies the following conditions: 

(1) M is a connected, closed, orientable Riemann surface. 

(2) The degree of p is d. 

(3) The cardinality of the branching set of p is n. 

We will use the following version of the classical Riemann-Hurwitz formula for 
branched coverings of the Riemann sphere. 

Theorem 2.6. Letp: M —> P^ be a {d,n)-branched covering with branching set B. 
If the pre-image p~^{B) has cardinality m, then 

x(M) — m = d(x(P^) — n). 

Let p: M —>■ P^ be a (d, n)-branched covering. Suppose that yi,y 2 , •'' Un are 
all the distinct branch points of the branched covering. For each i = 1,2, ■ ,n. 

Lemma 12.41 implies that the ramification indices of the points in p~^{yi) form a 
partition 11^ of the integer d. We gather all these partitions in a single collection 
If = {III, 112, ■ • • ,n„} (with repetitions allowed). The triplet (d, n. If) contains all 
the combinatorial information about the branch points of the covering. 

Definition 2.7. Given a (d,n)-branched coveringp: M —>• P^, the triplet (d, n,n) 
obtained as explained above is called the branch triplet of the branched covering. 
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We also consider collections of partitions that are not necessarily associated to 
branched coverings. 

Definition 2.8. The triplet (d, n, 11) is called an abstract branch triplet if the 
following conditions are satisfied: 

• d and n are positive integers; 

• n is a collection (with repetitions allowed) of n partitions of d, each of 
which is not the trivial partition [1,1, • • • ,1] of d. 

The sum of the lengths of the partitions in 11 is called the total length of the abstract 
branch triplet. 

We are primarily interested in abstract branch triplets that arise as branch 
triplets of branched coverings of the Riemann sphere . 

Definition 2.9. Let T be an abstract branch triplet and let M be a connected, 
closed, orientable Riemann surface. We say that 'T is realizable on M if there exists 
a branched covering p: M —>• P^ whose branch triplet is equal to T. An abstract 
branch triplet is called realizable if it is realizable on a connected, closed, orientable 
Riemann surface. 

A natural question to ask is the following: 

Question 1. What abstract branch triplets are realizable? 

The Riemann-Hurwitz formula gives a necessary condition for an abstract branch 
triplet to be realizable. For if (d, n, 11) is an abstract branch triplet of total length 
m that is realizable on a (connected, closed, orientable) Riemann surface M, then 
the Riemann-Hurwitz formula iTheorem 12.61) implies that: 

(2.1) x(M) — TO = d(2 — n). 

Definition 2.10. An abstract branch triplet (d, n, H) of total length to that satisfies 
equation m is called compatible with M. 

Every abstract branch triplet that is realizable on a Riemann surface M is com¬ 
patible with M. However, the converse of the last statement is not true (see [H 
Corollary 6.4]). The problem of determining what compatible branch triplets are 
realizable as branched coverings of the sphere is known as the Hurwitz problem for 
the sphere. This problem was first studied by Hurwitz in and, more recently, 
many other mathematicians, such as the authors of 0,0, m, 0, [I], m. [n 
and m- The problem is still open in its full generality (see Section 2 of |12jl. 

In the rest of the section we collect the partial solutions to the Hurwitz problem 
that we need to prove our main theorems. We start with a classical result of 
Edmonds, Kulkarni and Stong. 

Theorem 2.11. (|5l Proposition 5.2]) Let 'T = (d, n,n) be an abstract branch 
triplet of total length m. Suppose that the length of one of the partitions in H is 
one, and that nd — m is an even number such that nd — m > 2d — 2. Then T is 
realizable. 

The next two results are corollaries of Theorem 12.111 

Lemma 2.12. The abstract branch triplet T = (3, 3, {[3], [1, 2], [1, 2]}) is realizable 
on a Riemann surface homeomorphic to the sphere. 
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Theorem 2.13. Let S be a connected, closed, orientable surfaee of genus g > 1 
and let d = 2g + 1. Then the abstract branch triplet T = (d, 3, {[d], [d], [c?]}) is 
realizable on a Riemann surface that is homeomorphic to S. 

In [U Theorem 12], Barahski proved the following (see also [121 Proposition 

2 . 11 ]). 

Theorem 2.14. (]T1 Theorem 12]^ Let T = (d, n,n) be an abstract branch triplet 
with n > d. Suppose that T is compatible with the topological 2-sphere S^. Then T 
is realizable by a Riemann surface homeomorphic to S^. 


3. Different Notions of Complexity 


We define several notions of complexity: one for branched coverings, another for 
Riemann surfaces and the last one for topological surfaces. The first two concepts 
were essentially introduced in |5]. 


Definition 3.1. Let p: M ^ he a branched covering of degree d of the (con¬ 
nected, closed, orientable) Riemann surface M to the Riemann sphere Let 
R C be the branching set of p. Then the complement P^ \ R of R in P^ inherits 
the structure of a Riemann surface from the Riemann sphere P^. 

(1) We call the branched covering p: M —>■ P^ hyperbolic if P^ \ R admits a 
hyperbolic structure. In this case, we denote the hyperbolic area of P^ \ R 
by yl(pi \R). 

(2) We define the complexity C'cov(p) of the branched covering p as follows: 


C'cov(p) 


d • ^(P^ \ R) if p is hyperbolic, 
oo otherwise. 


Remark 3.2. The Riemann surface P^ \ R admits a hyperbolic structure if and 
only if the cardinality of the set R is greater than or equal to 3 (see [71 Theorem 
27.12]). In other words, a (d, n)-branched covering is hyperbolic if and only if n > 3. 

Definition 13.11 allows us to extend the definition of complexity given in [3] to all 
(d, n)-branched coverings, including the ones that are not hyperbolic. 

The complexity of a hyperbolic branched covering is a mixture of a topological 
invariant, the degree, and a geometric invariant, the hyperbolic area of the comple¬ 
ment of the branching set in P^. Thus, we can use the Gauss-Bonnet theorem to 
find an explicit formula for the complexity of a hyperbolic branched covering. [For 
a statement of the Gauss-Bonnet theorem, see for example [H Theorem V.2.7].] 
This is done in the following lemma. 


Lemma 3.3. 

(1) The hyperbolic area of the complement of n > 3 points in the Riemann 
sphere equals 27r(n — 2). 

(2) The complexity of a {d,n)-branched covering with n > 3 is finite and equal 
to 27rd(n — 2). 

Proof. 

(1) Let A(Mn) denote the hyperbolic area of the complement M„ of n > 3 
points in the Riemann sphere P^. It follows from the Gauss-Bonnet theorem 
that A{Mn) = —27rx(M„) = —27r(x(P^) — n) = 27r(n — 2). 
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(2) Let p: M —)• be a (d,n)-branched covering with n > 3. Let B be the 

branching set of the covering p. By Remark [321 P^ \ S admits a hyperbolic 
structure. Thus, the complexity C{p) of p is defined as C{p) = d-A{F^\B), 
where ^(P^ \i3) denotes the hyperbolic area of P^ \i?. Using (1), we obtain 
that yl(P^ \B) = 27r(n — 2), and so C{p) = d ■ ^(P^ \B) = 27rd(n — 2). 

□ 

Combining Definition 13.11 Remark 1 3.2 1 and Lemma [3.31 we obtain the following. 

Corollary 3.4. For a (d,n)-branched covering p: M ^ P^, the following state¬ 
ments are equivalent: 

(1) p: M is hyperbolic; 

(2) n> 3; 

(3) Ccov{p) < oo. 

Let be the set of all complexities of branched coverings of connected, closed, 
orientable Riemann surfaces to the Riemann sphere. Let Ztt be the set of all integer 
multiples of the number tt. By Lemma 13.31 and Corollary 13.41 is a subset of 
ZttU {oo}. Since Ztt is a discrete subset of the real line, then we have the following: 

Observation 3.5. The infimum of a non-empty subset of is attained, although 
it could be infinite. 

We now define the complexity of a Riemann surface. It essentially measures the 
most economical way (in terms of complexity) in which the Riemann surface can 
be expressed as a branched covering of the Riemann sphere. 

Definition 3.6. Let M be a connected, closed, orientable Riemann surface. We 
define the complexity C'Riem(fU) of M as the infimum of the set of all complexities 
of branched coverings of M to the Riemann sphere: 

C'Riem(AL) = inf{C'cov(p) \p'- M —>• P^ is a branched covering}. 

It is a well-known fact that every compact Riemann surface is a branched covering 
of the Riemann sphere P^ (see for example [7l Theorem 16.11]). Hence, given a 
Riemann surface M, the set of all complexities of branched coverings of M to P^ 
is not empty. Thus, by Observation 13.51 the infimum in Definition 13.61 is attained, 
although it could be infinite. In other words, there exists a branched covering 
p: M such that CniemiM) = C'cov(p)- 

In [3], the authors find a formula for the complexity of a Riemann surface. 

Theorem 3.7. { [31 Theorem 5.4]} Let M be a connected, closed, orientable Rie¬ 
mann surface of genus g > 1. Suppose that the complexity CjnemiM) of M is finite. 
Let nimin be the minimum total length of an abstract branch triplet that is realizable 
on M. Then 

(3.1) Cmem{M) = 27r(m™„ -I- 2^ - 2). 

We will need to find a lower bound for the number mmin from above. 

Proposition 3.8. The number mmin from eauation \3.1\ is greater than or equal to 

3. 

Proof Let T = (d, n, H) be an abstract branch triplet that is realizable on M. 
We prove that the total length of T is always greater than or equal to three. Let 
p: M —P^ be the (d, n)-branched covering associated to T. 
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Suppose that yi,y 2 , - • ■ Vn are all the distinct branch points of the branched 
covering p. For each i = 1, 2, • • • , n, 

(1) let Ilj be the partition of d given by the ramihcation indices of the points 
in p~^{yi)\ 

( 2 ) let rrii be the length of the partition 11 ^. 

Since m = mi + m 2 + • • • + m„ and each m^ > 1 (* = 1, 2, • • • , n), then m > n. 
It remains to prove that n > 3. 

Since the abstract branch triplet 'T is compatible with M, then 

(3.2) m — x(M) = d(n — 2). 

Also, m > 0, x(M) = 2 — 25 < 0 and d > 0, so equation (13.21) implies that 
n — 2 > 0, i.e., n > 3. □ 

The next definition introduces the simplest type of branched coverings that we 
will study in this article. 

Definition 3.9. A compact Riemann surface M is called hyperelliptic if there exists 
a double branched covering p: M —>■ . 

Notice that our definition allows the existence of hyperelliptic Riemann surfaces 
of genus 0 and 1 . 

Applying the Riemann-Hurwitz formula to a double branched covering we obtain 
the following. 

Lemma 3.10. Letp: M —>■ P^ be a {2, n)-branched covering. If the genus of M is 
equal to g > 0, then n = 2g 2. 

Notation 3.11. Given a connected, closed, orientable surface S, we will use the 
symbol X 5 to denote the set of all Riemann surfaces that are homeomorphic to S. 

The following is a well-known result (see for example m)- 

Proposition 3.12. Given a connected, closed, orientable surface S, there exists a 
hyperelliptic Riemann surface in Xg. 

We now define a notion of complexity for topological surfaces. 

Definition 3.13. Let 5* be a connected, closed, orientable surface. We define the 
topological complexity, C'top(5'), of S as the infimum of the set of all complexities of 
the Riemann surfaces in X 5 : 

Ctop(^) = mf{CRien.(M) I M e X 5 }. 

Given a connected, closed, orientable surface S, Proposition 13.121 shows that 
the set of all complexities of the Riemann surfaces in X 5 is not empty. Thus, 
by Observation 13.51 the infimum in Definition 13.131 is attained, although it could 
be infinite. In other words, there exists a Riemann surface M G Xs such that 
CtopiS) = CmemiM). 

We devote the rest of this section to prove that the topological complexity of a 
surface is always finite. We start with the case of surfaces with positive genus. 

Proposition 3.14. The topological complexity of a connected, closed, orientable 
surface of genus g > 1 is finite. 
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Proof. Let S' be a connected, closed, orientable surface of genus g > 1. By Proposi¬ 
tion [3321 there exists a hyperelliptic Riemann surface M € Xg. Let p: M —be 
the associated (2, n)-branched covering. By Lemma [3. 101 n = 2g + 2. Since g >1, 
then n = 2g + 2 > A, and so C'cov(p) < oo (by Corollary 13.41) . Thus, 

C'top(S) < C'Riem(M) < C'cov(p) < OO. 


□ 


Remark 3.15. The above proof does not work for g — 0, because, in that case, 
n = 2 and so C'cov(p) = oo. 

The following proposition complements Proposition 13. 141 


Proposition 3.16. The topological complexity of the sphere is finite. 


Proof. Let denote the 2-sphere. Consider the abstract branch triplet T = 
(3,3, {[3], [1,2], [1,2]}). By Lemma [2.121 T is realizable on a Riemann surface 
M € Xs 2 . Let p: M —>■ P^ be a branched covering whose branch data is equal 
to T. 

Since n = 3, Corollary 13.41 implies that C'cov(p) < oo. Hence, 

C'top(S^) < C'Riem(-Lf) < C'cov(p) < OO. 


□ 


Combining Proposition 13. 141 and Proposition 13. 161 we obtain the following. 

Theorem 3.17. The topological complexity of every connected, closed, orientable 
surface is finite. 


4. The main theorems 

In this section we compute the topological complexity of all surfaces. We start 
with the case of surfaces with positive genus. 

Theorem 4.1. Let S be a connected, closed, orientable surface of genus g > 1. 
Then the topological complexity Ctop{S) of S is equal to 2T:{2g + 1). 

Proof. By Theorem 13.171 C'top(5') < oo. Let M be a Riemann surface in Xs such 
that CRiem(-M) = Ctop(>S'). Let mmin is the minimum total length of an abstract 
branch triplet that is realizable on M. By Theorem 13.71 

(4.1) Cniem{M) = 27r(TOmin + 2g - 2) 

Let d = 2g + 1. Consider the abstract branch triplet T = (d, 3, {[d], [d], [d]}) of 
total length mj- = 1-|-1-|-1 = 3. By Theorem l2.131 the abstract branch triplet T is 
realizable on a Riemann surface M' G Xg. Let p ': M' —>■ P^ be the (d, n)-branched 
covering associated to T. Since n = 3, Corollary 13.41 implies that Ccov(pO < oo, 
and so C'Riem(ild') < Ccov(p') < oo. 

Let be the minimum total length of an abstract branch triplet that is 

realizable on M'. By Theorem 13.71 

(4.2) CmeUM') = 2TT{m'^^ P2g- 2). 

Since C'Riem(Td) = Ctop(S') < CniemiM'), then Equations (14.111 and (14.211 imply 
that TOmin < Wmin- Further, < mj- = 3, as T is realizable on M'. Therefore, 
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Rimin < 3. On the other hand, by Proposition 13.81 TOmin > 3. Hence, rrimin = 3, 
and so we obtain: 

CtopiS) = CniemiM) = 27r(3 + 2^ - 2) = 2^(2^ + 1). 

□ 


To compute the topological complexity of the sphere we need the following 
lemma. 


Lemma 4.2. Let p: M ^ be a hyperholie {d,n)-branched covering with M 
homeomorphic to the sphere. Then: 

(1) d > 3, and 

(2) Ccov{p) > 671. 

Proof. (1) By Corollary 13.41 it suffices to prove that if d < 2 then n < 3. If d = 1, 
then the branching set of p is empty, and so n = 0. Suppose that d = 2. Then 
p: M ^ is a (2,n)-branched covering and the genus of M is g = 0. It follows 
from Lemma [3. 101 that n = 2p + 2 = 2. 

(2) By Corollary 13.41 n > 3. Further, C'cov(p) = 27rd(n — 2) (by Lemma. 
Finally, d > 3, by (1), and thus, 

C'cov(p) = 27rd(n - 2) > 27r(3)(3 - 2) = Gtt. 


□ 


The following result complements Theorem 14.11 

Theorem 4.3. The topological complexity of the sphere is equal to Gtt. 

Proof. Let denote the 2-sphere. Consider the abstract branch triplet T = 
(3,3, {[3], [1,2], [1,2]}). By Lemma [2T2l T is realizable on a Riemann surface 
Mo G X§ 2 . Let po: Mq —>■ P^ be a (d, n)-branched covering whose branch data 
is equal to T. 

Since d = 3 and n = 3, then Lemma 13.31 implies that 

C'cov(po) = 27rd(n — 2) = 27r(3)(3 — 2) = Gtt. 

Hence, 

( 4 . 3 ) ^00(8") < CRien.(Mo) < Ccov(po) = 677. 

Let M G Xs 2 . We prove that C'R,iem(M) > 677 . Suppose that p: M P^ 
is a (d, n)-branched covering. If p is hyperbolic, then Lemma 14.21 implies that 
Ccov(p) > 677. If p is not hyperbolic, Ccov(p) = 00. In either case, C'cov(p) > 677. 
Thus, by definition, CRiem(M) > 677. 

Since CRiem(M) > 677 for all M G Xs 2 , then, by definition, 


(4.4) Ctop(S") > 677 . 

By equations (|4.311 and (|4.4|) . we obtain that C'top(S^) = 677 . □ 

We can merge Theorems 14.11 and 14.31 into the following result. 
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Theorem 4.4. Let S be a connected, closed, orientable surface of genus g. Let 
Ctop{S) denote the topological complexity of S. Then 



5. The Simple Complexity of a Topological Surface 

In this section we define a special type of {d, n)-branched coverings that we call 
simple. As usual, \B\ denotes the cardinality of the set B. 

Definition 5.1. ([3]) A (d, n)-branched covering p: M —>■ is called simple if 

\p~^{y)\ >d—l for all 2 / e P^. 

For simple branched coverings, the Riemann-Hurwitz formula takes the following 
form. 

Theorem 5.2. Theorem 3.4] j Let p: M ^ be a simple {d,n)-branched 
covering. Let g be the genus of M. Then 


2 — 2g = 2d — n. 


We use Theorem 15.21 to obtain a lower bound for the complexity of a simple 
branched covering. 

Lemma 5.3. Let p: M —> P^ be a simple (d,n)-branched covering. Suppose that 
the genus g of M is positive. Then Ccov(p) > Stti?. 

Proof. If n < 3, then Corollary 13.41 implies that C'cov(p) = oo and so the conclusion 
of the lemma is clearly satisfied. Therefore, we can assume that n > 3 for the rest 
of the proof. 

If d = 1, then the branching set of p is empty, which contradicts our assumption 
that n > 3. Therefore, d > 2. 

Since p is simple. Theorem 15.21 implies that 2 — 2g = 2d — n. This means that 
n = 2d + 2(7 — 2 > 4, as d > 2 and g > 1. Therefore, by Lemma [3.31 

(5.1) C'cov(p) = ‘2'Kd{n — 2) = 27rd(2d -\- 2g — 4) = 47rd(d -\- g — 2). 

Since d > 2 and p > 1, then equation (lEB implies that 


C'cov(p) = 47rd(d + 5 — 2) > 47r(2)(2 + p — 2) = Sng. 


□ 


We now define a notion of simple complexity for topological surfaces. 

Definition 5.4. Let S' be a connected, closed, orientable surface. We define the 
simple topological complexity, Csimp(S), of S as the infimum of the set of all com¬ 
plexities of simple branched coverings of M to P^ with M G Xs: 

Csimp(S) = inf{C'cov(p) \p'- M —!> P^ is a simple branched covering and M G Xg} 

Clearly, a double branched covering is simple. Thus, Proposition 13.121 shows 
that the set {Ccov(p) |p: M —>• P^ is a simple branched covering and M G Xs} is 
not empty for every (connected, closed, orientable) surface S. Hence, Observation 
13.51 implies that the infimum in Definition 15.41 is attained, although it could be 


infinite. 
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We now compute the simple topological complexity of all connected, closed, 
orientable surfaces. We start with the case of positive genus. 

Theorem 5.5. Let S be a connected, closed, orientable surface of genus 5 > 1. 
Then the simple topological complexity CsimpiS) of S is egual to Sng. 

Proof. By Proposition [OH there exists a hyperelliptic Riemann surface Mq € X 5 . 
Let pq: Mq —>■ be the associated (2, n)-branched covering. By Lemma 13.101 

n = 2g + 2. Therefore, g > 1 implies that n > 4, and so 

Ccovipo) = 27rd(n - 2 ) = 27 r( 2 )( 25 ) = Sng. 

Since po is simple, then C'simp('S') < C'cov(po) = Sirp. By Lemma [5731 C'simp(*S') > 
Sirg. Combining the last two inequalities, we obtain that C'sinip(>S') = Sirg. □ 


Remark 5.6. The above proof does not work for g = 0, because, in that case, 
C'cov(po) = 00. 

We now extend Theorem 15.51 to the case g = 0. To this end, we need the analog 
of Lemma 15.31 for genus zero. 

Lemma 5.7. Let p: M —> P^ be a simple {d,n)-branched covering with M G Xg 2 . 
Then Cgov(p) > IStt. 


Proof. We can assume that n > 3. Let g be the genus of M. Since p is simple 
and p = 0, then Theorem 15.21 implies that n = 2d — 2. In particular, n is even. 
Combining this with the condition n > 3, we obtain that n > 4. This means that 
d > 3, and so 

C'cov(p) = 27rd(n - 2) > 27r(3)(4 - 2) = 127r. 


□ 


We now state the analog of Theorem 15.51 for genus zero. 

Theorem 5.8. The simple topological complexity of the sphere is egual to 127r. 

Proof. Consider the abstract branch triplet T = (3,4, {[1, 2], [ 1 , 2], [ 1 , 2], [1, 2]}). By 
Theorem l2.14l there exists a (3,4)-branched covering po : Mq — 5 > P^, with Mq G Xg 2 , 
whose branch triplet coincides with T. This branched covering is simple because 
the length of the partition [1, 2] is equal to 2 = d — 1. Further, 

C'cov(p) = 27rd(n - 2) = 27r(3)(4 - 2) = 127r. 

Hence, C'sii„p(§^) < CcoviPo) = 127r. By Lemma [?7fl C'sii„p(§^) > 127r. Combining 
the last two inequalities, we obtain that Csinip(§^) = 127r. □ 

We can merge Theorems 15.51 and 15.81 into the following result. 

Theorem 5.9. Let S be a connected, closed, orientable surface of genus g. Let 
CsimpiS) denote the simple topological complexity of S. Then 

Csimp 



Sttp ifg>l, 
12 tt if g = 0. 
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